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We have developed an approach based on first principles to study the process of radiative electron attachment
(REA) to linear molecules of astrophysical interest in collisions between the molecules and electrons at energies
below 1 eV. The approach is based on accurate ab initio calculations of electronic bound and continuum states
of the negative ion. The electronic continuum states are obtained with the complex-Kohn variational method.
The benchmark calculation for the REA to the simplest negative ion CN− , which was recently observed in
the interstellar medium, has produced a relatively low rate coefficient α(T ) = 7.3 × 10−16 cm3 /s at T = 30 K.
Moreover, our results are shown to agree well with microscopic reversibility applied on a recent photodetachment
experiment on CN− . Finally, the study confirms a previous assessment that the CN− ion is unlikely be formed
by REA in the interstellar medium.
DOI: 10.1103/PhysRevA.88.052710

PACS number(s): 34.80.Bm, 98.38.Dq, 95.30.Ft, 33.80.−b

I. INTRODUCTION

More than 30 years ago, Herbst suggested that negative
molecular ions could be formed in the interstellar medium
(ISM) through the process of radiative attachment of a lowenergy electron to a neutral radical [1]. The existence of anions
in the ISM has been recently confirmed with the discovery of
several carbon chain negative molecular ions in space, C6 H−
[2–6], C4 H− [7], C8 H− [8], C3 N− [9], C5 N− [3,6], and CN−
[10]. The smallest discovered negative ion CN− was observed
for the first time in 2006 by M. Agúndez et al. [10] in the Cstar envelope IRC + 10216 via microwave spectroscopy. The
formation of the latter diatomic ion through radiative electronic
attachment (REA) is the main focus of the present study.
Using a simple statistical approach, known as phase-space
theory (PST), Herbst and coworkers have calculated the
temperature-dependent rate coefficient α(T ) for formation of
several negative ions via REA, including most of the ions listed
above. We use symbols M and M− for a particular molecular
radical and its counterpart negative ion, respectively. Assuming that the major mechanism for formation and destruction of
M− are REA and mutual neutralization with positive ions, one
can deduce the abundance ratio [M− ]/[M] in a specific medium
at a thermal equilibrium from the rate coefficients α(T ), the
temperature and the density of free electrons and positive ions
in the medium. The predictions of the PST for these ratios are in
relatively good agreement with the astrophysical observations
for C8 H− , C6 H− , C5 N− , and C3 N− ions, but disagree for C4 H−
and CN− . Indeed, the calculated rate coefficient for REA to
CN is about 10−17 cm3 /s at 10 K [11], which is some 6–7
orders of magnitude lower than the value needed to explain
the [CN− ]/[CN] ratio obtained from the astrophysical observations. On the other hand, in spite of the extremely low REA rate
coefficient obtained theoretically for CN, it is still believed that
REA should be the primary mechanism for formation of the
larger carbon-chain molecular ions. This implies that the REA
rate for these ions should be some 5–7 orders of magnitude
larger than the predicted REA rate in CN− formation.
In view of the uncertainty of the formation pathway for
negative ions, we propose to apply a fully quantum-mechanical
1050-2947/2013/88(5)/052710(11)

model of REA to a neutral radical, using first principles only,
thus refining the PST by going beyond a statistical approach.
One goal of this study is to obtain a precise and reliable
REA rate for CN− formation and determine if REA is an
efficient process in CN− formation. Beyond the particular
example of CN, our main motivation is to present a complete
quantum-mechanical REA theory, employing a minimum of
approximations. To our knowledge, only classical or statistical
approximate models have been reported so far in the literature,
such that the present work represents a benchmark study, applied to a system with only a few degrees of freedom, such that
the electronic continuum, the vibrational and rotational motion
of the molecule, and the process of radiative emission, can all
be treated at once. The theory and the conclusions suggested in
this work will serve as a route towards studying the formation
of larger molecular ions by REA, which represents a natural
extension of the presented approach on CN.
The paper is organized as follow. In the next section, we
discuss the state of the art on REA, describing briefly the
widely used phase-space theory, pointing out its strengths and
limitations, and proposing some improvements. In Sec. III, we
develop the theoretical approach and present the REA crosssection formula, whose derivation represents the main theoretical result of the present study and is presented in the Appendix
to improve the clarity of the text. Section IV describes our
ab initio calculations and presents potential curves, as well
as the molecular frame transition dipole moment (TDM)
values from a continuum electron to the final ground state
of CN− , obtained via the complex Kohn variational method.
The obtained numerical results are presented in Sec. V. The
last section is devoted to our conclusions, where we discuss
other possible pathways for CN formation and the applicability
of the present REA model for larger molecular radicals.

II. STATE OF THE ART AND DISCUSSION

The statistical PST is the most accepted theory of REA
used to model formation of negative molecular ions in the
interstellar space [1,4,11–15]. The PST assumes that an
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incoming electron will always attach to the radical, with the
corresponding attachment cross section given by π/k 2 for
any momentum p = h̄k of the incident electron, forming a
temporary state with a finite lifetime [4]. Once the electron
is attached to the radical, the extra energy of the compound
can be released via two different competing processes. The first
outcome is the autodetachment of the electron from the radical.
In PST, the statistical rate coefficient for autodetachment is
inversely proportional to the density of states ρ at the total
energy of the molecular ion, such that autodetachment should
decrease significantly for ions with many degrees of freedom.
The second process for energy release, which leads to negative
ion stabilization, is radiative relaxation. The ratio between the
rate of radiative relaxation and autodetachment represents
the key parameter in the PST to determine the total rate of
the REA reaction.
Therefore, the PST has a great advantage of providing rates
for formation of large negative ions by REA, with only few
parameters needed. On the other hand, PST employs some
approximations that must be critically revised. Certainly the
strongest approximation used in PST is the assumption of
100% efficiency in electronic capture. Without performing
detailed quantum scattering calculations, the relevance of such
an approximation is relatively hard to quantify and might
overestimate considerably the actual attachment probability.
Indeed, there are only three different ways how the electron
could attach to the radical:
(i) The first possibility demands the existence of a broad
shape resonance located at electronic energy just above
detachment threshold. In such a case, a low-energy electron
can be trapped efficiently in the inner-core region into a
temporary state, which could then stabilize by radiative
emission. However, the existence of such low-lying shape
resonances is not guaranteed and, most likely, such states do
not exist for all discovered negative ions. In fact, Harrison et al.
have performed electron scattering calculations for CN [16]
and C3 N [17] radicals and found no low-lying electronic
resonances for these systems. Even if such resonances were to
exist in other negative ions, the capture probability could still
be significantly smaller than unity.
(ii) The second possibility for attachment, suggested by
Herbst and coworkers, is such that the electron is directly
captured in an excited vibrational resonance attached to the
electronic ground state of the negative ion. For CN− , such
a vibrational level with the energy high enough for the
electron detachment, would be v = 18 or higher (see Fig. 1,
which shows energies of two excited vibrational states of
CN− , v − = 18 and 19). The capture is mediated by a nonBorn-Oppenheimer interaction between the initial electronic
continuum state of e− + M and a final rovibrationally excited
state of M− in its electronic ground state. Because the
affinity of these radicals is large (∼3–5 eV), the non-BornOppenheimer couplings between these electronic states, well
separated in energy, are expected to be small. In addition, the
excited vibrational state of the formed M + e− resonance state
has generally a small overlap with the initial vibrational level
of the target molecule. For example, for CN, the vibrational
∂
vi |2 between the initial vibrational level vi = 0
factor |vf− | ∂R
of CN and the final level vf− = 19 of CN− in the non-
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FIG. 1. (Color online) This figure demonstrates the REA process
and shows potential energy curves of the CN− 1  + electronic state
and several lowest electronic doublet states of CN. In the interstellar
medium, REA starts with CN in its ground vibronic state. During
the electron-molecule collision, the CN + e− complex with energy
Etot can emit a photon of energy h̄ω bringing the complex into a
stable rovibrational state of CN− as shown in the figure. Because the
potential curves of the CN− 1  + state and the lowest CN state are
nearly parallel, the vibrational wave functions of the states are almost
identical (see the inset). Since the CN and CN− molecules have almost
identical shapes in the electronic potential and because of the weak
dependence of dipole moments on R (see Fig. 4), when a photon is
emitted, the vibrational quantum number is almost conserved. The
origin of energy is taken at the ground vibrational level of CN.

Born-Oppenheimer coupling term is 3.6 × 10−9 a0−1 . A more
detailed analysis for CN shows that the upper bound for the
cross section for the capture of the electron into vf− = 19 is of
the order of 10−12 /Eel in units of a02 , where Eel is the incident
electron energy measured in units of Hartree. At energy
Eel = 10−4 Hartree or 2.7 meV, it gives 2.5 × 10−25 cm2 ,
which is about three orders of magnitude smaller than the
cross section from process (i) considered in this study (see
Fig. 5).
(iii) Finally, another way to attach an electron to M is
through weakly bound dipole states of the electron in M.
Such states are situated just below the detachment threshold
and can only exist if the permanent dipole moment of the
radical is supercritical, which is the case for large carbon chain
molecules such as C3 N [17], but not for CN. When dipole states
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exist, the Franck-Condon overlap with rovibrational levels of
such dipole electronic states is close to unity and the non-BornOppenheimer coupling between the electronic-continuum and
dipole state could thus be strong, making the electron capture
much more efficient than the capture into the electronic ground
state of M− . This process is similar to the indirect dissociative
recombination mechanism in positive molecular ions [18],
for which the electron is captured in excited Rydberg states.
However, in contrast to the case of Rydberg states, no lower
accessible electronic states exist once the electron is attached
to a dipole state (in the case of Rydberg states, the electron
energy is gradually reduced, after the electron is trapped by
the molecular ion, through transitions to lower Rydberg states
and excitation at the same time of rotational or/and vibrational
degrees of freedom of the molecule). Therefore, there is no
pathway for stabilization of the M + e− system other than a
spontaneous emission to the ground electronic (nondipolar)
state of M− . The corresponding radiative lifetime is very long,
because the electronic orbit in a dipole state has a very large
radius in comparison with the size of the core ground electronic
state of the negative ion; or in other words, the electronic TDM
is very low between the dipolar and ground electronic states
of M− . This type of process must be explored in future studies
on negative ions supporting dipole states.
In our treatment, we will not consider process (iii) because
CN has no dipole states. We also discard process (ii), because
its contribution to the total REA cross section is significantly
smaller compared to process (i). Thus, we only consider
process (i). As will be explained in Sec. III, the general idea
proposed by Herbst that the electron is initially captured by
an intermediate state and stabilized by radiative stabilization,
as described by process (i), is incorporated in the present fully
quantum approach if such an intermediate state does exist,
but the REA process in the present treatment is not separated
here into several steps: We consider spontaneous emission of
a photon from an electron-molecule scattering state to any
possible rovibrational state of the negative ion in its stable
electronic bound state. If a shape resonance were to exist,
the probability density of the electron would increase at short
distances from the core and would dramatically enhance the
probability of spontaneous emission.
III. THEORY OF RADIATIVE ELECTRON ATTACHMENT

We assume that the initial state of the neutral molecule CN
having total energy Ei is a given electronic Born-Oppenheimer
wave function ω , where the index  refers to different
electronic target channels, a given rotational state specified
by the angular momentum j and its projection μ in the
molecular frame (MF) coordinate, and a vibrational wave
j
j
function χv of CN. The wave function χv is calculated using
the Born-Oppenheimer potential modified by the centrifugal
term [j (j + 1) − μ2 ]/2μCN R 2 , where R is the internuclear
coordinate and μCN is the reduced mass of CN. The initial
state of the incident electron is the plane wave eikz̃ , where
z̃ determines the direction in the laboratory frame (LF)
of the incident electron momentum having energy Eel =
(h̄k)2 /(2me ), where me is the mass of the electron.
The final state of the process, with energy Ef , is a bound
state of the negative ion CN− specified by its electronic wave

function f , the CN− angular momentum Jf and its projection
Jf
−
f in MF, and by the vibrational wave function χvf of CN . In
2 +
the present study, the initial electronic state of CN is X  and
the final electronic state of CN− is always X1  + . The process
of REA considered in our approach is described in Fig. 1.
The REA cross section averaged over initial orientations of
CN in space and summed over possible final orientations of
CN− , with final angular momentum Jf , is given in Eq. (1)

2

4 π ω3 me    Jf f J
(v→vf ) 
C
C
d
(1)
σf i =

J 1π lλj μ π,lλ  .


3 k 2h̄2 c3
Jl

λπ

The above formula represents the key result of the present
theory and its derivation is given in the Appendix. In this
formula, ω is the frequency of the emitted photon, h̄ω =
(v→v )
Ei + Eel − Ef ; dπ,lλf are the components of the transition
dipole moment operator, with π = −1,0,+1, between the
initial electronic wave function lλ of the CN + e− system,
and the final electronic wave function f of CN− , integrated
J
j
over the initial χv (R) and final χvff (R) vibrational wave
−
functions of CN and CN

(v→v )
J
dπ,lλf = χvff (R) f |dπ | lλ r χvj (R)dR
(2)
(see details in the Appendix); J is the initial total angular
momentum, l is the electronic partial wave angular momentum,
J
J
and λ its projection in the MF. Finally, CJ f 1πf and Clλj
μ are
the Clebsch-Gordan coefficients [19] and dπ is the electronic
dipole moment operator.
For the case of the CN molecule in its electronic ground
state X2  + , the formula significantly simplifies once the sum
over all final angular momenta Jf is evaluated. As shown in the
Appendix, the REA cross section for transition to any possible
rotational state of CN− is then given by
σi =

4 π ω3 me   (v→vf ) 2
d
.
3 k 2h̄2 c3 lπ π,l−π

(3)

In the above formula, the index λ is replaced by −π , since
for the dipole transitions CN(2  + ) → CN− (1  + ), we have
λ = −π .
Therefore, if one neglects the difference in energy due to
the rotation of CN, the final cross section summed over all
possible final states is independent on the initial rotational
state j of the CN molecule.
IV. STRUCTURE AND SCATTERING CALCULATIONS

The main configuration of the initial X 2  + electronic
ground state of CN is 1σ 2 2σ 2 3σ 2 4σ 2 1π 4 5σ 1 . Following the
REA reaction, the final stable closed shell X 1  + state of
the negative ion CN− is formed with main configuration
1σ 2 2σ 2 3σ 2 4σ 2 1π 4 5σ 2 . We have determined properties of
the target and negative ion ground state, by performing ab
initio calculations with the MOLPRO suite [20]. Using the
aug-cc-pVQZ basis for the nitrogen and carbon, we performed
a MRCI calculation with all double excitations and obtained
accurate potential energy curves, presented for the first three
states X 2  + , A 2 + , and B 2  + of CN, and the X 1  + ground
state of CN− (see Fig. 1). The calculations have reproduced
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several characteristics of CN reported previously by other
authors. We have obtained a value of 3.80 eV for the zero-point
energy affinity, which is in good agreement with the experimental measurement of 3.86 eV [21]. The calculated vibrational frequency of 2057 cm−1 is also in good agreement with
previous theoretical studies giving 2207 cm−1 [22], 2057 cm−1
[23], and an experimental measurement of 2068.6 cm−1 [24].
In order to determine the REA cross section in the dipole
approximation for radiative processes, the following matrix
elements of the fixed-nuclei TDM are needed:
dπ,lλ ≡ 

f |dπ |

=−

N 


lλ 
∗
f (r1 , . . . ,rN )erkπ

lλ (r1 , . . . ,rN )

k=1
3

× d r1 , . . . ,d 3 rN ,

(4)

where N is the number of electrons, rk represents the
coordinates of the kth electron, and rkπ is one of the three
cyclic components (π = 0,±1) of the coordinate of the kth
electron

π =0
zk ,
√
(5)
rkπ =
∓(xk ± iyk )/ 2, π = ±1.
We use the complex Kohn variational method [25,26]
to describe the e− -CN scattering. In the method, the wave
function representing the electron-neutral scattering, with the
neutral target in the electronic state ω , is expressed as


bj j ,
(6)
Â(ω F+ ) +
lλ =


j

where the first sum runs over energetically open neutral states
described by (N − 1)-electron wave functions ω and the second sum runs over N -electron configuration-state functions j
representing penetration and correlation terms. The operator
Â antisymmetrizes the wave function with respect to electron
permutation. The functions F+ are expanded as:


jl (k r)δl l δλ λ δ 
cj  φj (r) +
F+ =
j

+ Tlλ ;lλ h+
l (k r)

lλ


Yl λ (r̂)/r,
(7)

where φj is a set of square integrable (Cartesian-Gaussian)
functions and jl and h+
l are partial-wave continuum radial
functions, behaving asymptotically as

1
lπ
jl (k r) → √ sin k r −
,
2
k
(8)

1
lπ
+
hl (k r) → √ exp i k r −
.
2
k
We rewrite F+ in a form using the scattering matrix:

cj  φj (r)
F+ =
j

+

 i

+

h−
l (k r)δl l δλ λ δ  − Sl λ ;lλ hl (k r)
2
lλ

× Yl λ (r̂)/r,

(9)

+
∗
and Slλ;lλ = δl l δλ λ δ  −
with h−
l (k r) = [hl (k r)]

2iTlλ;lλ
or, in matrix notations Ŝ = Iˆ − 2i T̂ , where Iˆ is the
identity matrix and Ŝ is the scattering matrix. In terms of
scattering matrix elements, the wave function lλ can be
written as



bj j + Â
χ cj  φj (r) + Â
ω Yl λ (r̂)
lλ =
j

j

lλ


i  −
h (k r)δl l δλ λ δ  − Slλ;lλ h+
×
l (k r) .
2r l

(10)

The precision of TDM in Eq. (4) computed numerically
using the complex-Kohn method is crucial to obtain an
accurate final REA cross section. Because the calculation
should describe accurately the CN + e− system, it is important to use a basis containing diffuse orbitals and we
chose the large aug-cc-pVQZ basis with spd and f orbitals.
Note that the use of a smaller augmented basis, such as
aug-cc-pVTZ without f orbital, produces no appreciable
change in the TDM. Using the latter basis, we describe
the CN target through a complete active space (CAS) calculation in a reference space including ten natural orbitals
of CN (1σ )(2σ )(3σ )(4σ )(1πx )(1πy )(5σ )(2 πx )(2πy )(6σ ) and
freezing two core orbitals. Note that the ground state f
of CN− in Eq. (4) is calculated with a CAS in the same
reference space as the CN target. Therefore, the affinity
obtained from this calculation is usually smaller than the
true affinity computed from more extensive calculations. One
can drastically improve the affinity using optimized orbitals
averaged over the CN-CN− ground states in order to represent
accurately the target and the negative ion. Using the latter
orbitals in the calculations, we obtain a value as large as
3.1 eV for zero-point affinity with no excitation outside
the reference space, compared to 3.91 eV with all single
excitations allowed for CN− . We also obtained a vibrational
frequency of 1962 cm−1 for CN, and more importantly, an
accurate value of 1.51D of the permanent dipole moment at
the equilibrium position of CN, whereas extensive calculations
by Ajitha gave 1.49D [27] and the experimental value is
1.47D [28]. Moreover, the stability of the TDM (10–20 %) with
respect to variation of different parameters in the calculation
provides insight about the convergence and uncertainty of
obtained results. For instance, the TDM have shown to be
stable with respect to (i) the size of the reference space, (ii)
freezing inner-shell orbitals, (iii) the size of the augmented
basis, and (iv) the use of natural orbitals of CN (resulting in
lower affinity) instead of averaged orbitals.
Besides computing the value of the TDMs in the MF in
Eq. (4), it is instructive to look at the variation of the eigenphase
sum of the scattering matrix as a function of the incident
electron energy, shown in Fig. 2. The eigenphases, in both
 and  symmetries, are smoothly varying with increasing
energy. The behavior of the eigenphases agrees well with the
results of Ref. [16] obtained using the UK R-matrix code.
It is clear from the figure that there is no shape resonances
at low energy. No resonance means that one should expect a
relatively small REA cross section, as it was already suggested
by Harrison and Tennyson [16].
The TDMs have been calculated for eight values of R in
the interval R = 2.1–2.40 a0 with the grid step of 0.05 a0 and
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decreases considerably with the angular momentum l and
become negligible for l  2. However, note that at larger
electron energy, p waves form the dominating transition-dipole
moments. Finally, Fig. 4 depicts the weak dependence of the
transition-dipole moments with respect to variation of the
internuclear distance.
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FIG. 4. (Color online) The figure shows the dx and dz components
of the TDMs as a function of the internuclear distance R for  =
0.25 eV.
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for eleven values of the electron energy, in the interval from
1 meV to 1 eV with a logarithmic step in energy. Figure 3
shows the dependence of dipole moments as a function of
energy for an internuclear distance near the CN equilibrium.
As expected, the s wave produces the dominating transition
dipole moment at low electron energy due to their penetrating
character, whereas the contribution from higher partial waves

1

l=1, Λ=1

10

FIG. 2. (Color online) Eigenphase sum as a function of the
incoming electron energy Eel (in eV) for singlet 1  (solid line)
and 1  (dashed line) symmetries.

10
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FIG. 3. (Color online) The energy dependence of the TDMs at
R = 2.25 a0 for the Cartesian components dz (along the molecular
axis) and dx (perpendicular to the axis). The
√ figure shows the two
components, dz = d0 and dx = (d−1 − d1 )/ 2. Because the initial
CN state is a  state, the projections and λ are the same.

The cross sections for REA from the initial rovibrational
state vi ,j of CN into the final state vf ,Jf of CN− are calculated
using Eq. (1). For astrophysical applications, the interest is
in the sum σj = f σf i over all possible final rovibrational
states f . The cross sections with a change of the vibrational
quantum number vf = vi are much smaller than the cross
sections with vf = vi because the potentials of CN and CN−
are almost identical (see Fig. 1). At low temperatures, T <
1000 K only vi = 0 is populated in the ISM. Figure 5 shows
the obtained REA cross section as a function of the incident
electron energy. At energies below
√ 30 meV, the cross section
decreases approximately as 1/ Eel because at low energies
the dominant transition dipole moment is due to the s wave
in the incident electronic flux. This moment increases weakly
with energy (see Fig. 3). With energy-independent transitiondipole moments, the cross section would decrease as 1/Eel . At
energies above 0.1 eV, the p wave becomes the dominant one
with the transition-dipole moment growing with energy faster
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Using the cross section, we calculate the thermally averaged
rate coefficients k(T ) using the standard formula
 ∞
8π
σ (E)e−E/kT EdE,
(12)
k(T ) =
(2kT )3/2 0
-3

-2

10

-1

10

10

0

10

Energy (eV)
FIG. 5. The REA cross section σi with the initial vibrational state
of CN vi = 0. A sum over all possible final rovibrational states of CN−
is performed. The contribution to the cross sections due to vf > 0 is
negligible, less than 1%.

√
than Eel . It leads to change in the cross section behavior:
Above 0.1 eV the cross section starts to grow with energy.
Recently, the photodetachment (PH) cross section of
CN− was experimentally measured [29], which allows us
to compare the results of the present study with the experiment. In [29], the photodetachment cross section for
the process CN− + h̄ω → CN + e− was obtained at the
ultraviolet wavelength 266 nm (4.66 eV) and it was found
that σ = 1.18 × 10−17 cm2 . Since photodetachment represents
the inverse process of radiative attachment, one can get an
estimation of the corresponding REA cross section using
microscopic reversibility [30]:
(exp)

σREA (Eel ) =

gCN − h̄2 ω2
(exp)
σ
(h̄ω).
gCN 2me Eel c2 PH

(11)

In the above expression, the statistical weights of CN− (X1  + )
and CN(X2  + ) + e− are gCN − = 1 and gCN = 2, respectively.
Since the best measured experimental affinity of CN is
3.862 ± 0.004 eV [21], at a photon energy of h̄ω = 4.66 eV,
the photoelectron energy is Eel = 0.798 eV. Inserting these
(exp)
values in Eq. (11), we find the estimated value σREA (Eel ) =
−22
2
cm , whereas our theoretical cross section
1.57 × 10
(th)
σREA
(Eel ) = 6.8 × 10−23 cm2 is about a factor of two lower.
The good agreement between our theoretical values and the estimation obtained through microscopic reversibility confirms
the overall precision of the present theoretical approach.

which is shown in Fig. 6. The obtained rate coefficient is of
the same order of magnitude as the one of the PST [4] for
process (ii) discussed in Sec. II. However, the agreement is
probably accidental, because PST assumes that the probability
to capture the electron into an excited vibrational level of
the negative ion is unity (the unitarity limit, see Eq. (12) or
Ref. [4]). Our estimation showed that the probability for the
electron capture is smaller by several orders of magnitude, thus
leading to a much smaller REA rate coefficient for process (ii)
than predicted by the PST.
VI. CONCLUSION

We have developed a theory of radiative electron attachment
to diatomic neutral molecules. The theory is based on first
principles and accounts for rotational and vibrational degrees
of freedom of the target molecule and the final negative
molecular ion. The final formula for the REA cross section
is relatively simple and involves vibrational integration of the
TDM elements over the vibrational wave functions of the
neutral molecule and the negative molecular ion. The TDM
elements between the initial electronic continuum and final
electronic bound states need to be calculated using scattering
codes. In this study, we used the complex-Kohn variational
method to determine the TDM matrix elements.
The theory has been applied to the formation of the CN−
ion by REA at collision energies below 1 eV. Cross sections
and rate coefficients for CN− formation by REA have been
evaluated. The obtained thermally averaged rate coefficient is
relatively small and of the same order of magnitude as the one
predicted by the phase-space theory, but the agreement in the
order of magnitude should be considered as accidental.
At 300 K, the present theory gives the REA rate coefficient
7 × 10−16 cm3 /s. Modeling the formation of the CN− ion,
detected [10] in the C-star envelope IRC + 10216, the authors
of Ref. [10] used a larger value for the rate coefficient
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2 × 10−15 cm3 /s at 300 K and obtained an agreement for
the observed abundance and column density of CN− with
the model. However, the spatial distribution of CN− is
significantly different in the model and the fit derived from
observation. The larger rate coefficient used in the model
of Ref. [10] compared to what our study predicts, and the
disagreement for the spatial distribution might indicate that
the main mechanism for CN− formation in the circumstellar envelopes is not REA. There could be several other
possibilities for the CN− formation near the central star as
the observation demonstrated. Two such possibilities are the
reaction HCN + H− → CN− + H2 or dissociative electron
attachment to such molecules as H2 CN. The first reaction
seems to be included into the model of Ref. [10], however,
one should critically evaluate the rate constant for this reaction
used in the model. The dissociative electron attachment as a
source of CN− in circumstellar envelops has not been included,
to the best of our knowledge, into the model but should be
considered as a possible formation mechanism in the inner
part of the circumstellar envelops.
The fully quantum REA theory can be extended to larger
molecules. However, for larger molecules, one would need
to determine potential energy surfaces and TDM in several
dimensions corresponding to the number of vibrational degrees
of freedom. Our preliminary calculation performed for two
other negative molecular ions observed in the ISM, C3 N− , and
C4 H− , suggests that potential energy surfaces for the ground
electronic states of the target molecule and the corresponding
molecular ion are similar in shape near the equilibrium
position of the target molecule. If the corresponding TDMs are
weakly dependent on the geometry of the molecule near the
equilibrium, similarly to the CN-CN− case, a theoretical REA
treatment for these systems could be greatly simplified. There
could be, however, some additional effects in molecules larger
than CN. For example, the neutral C4 H molecule has an excited
electronic state 2 , which is very close in energy to the ground
electronic state X2  + [31] and should, therefore, be included
into the theoretical treatment of REA in C4 H. Our preliminary
calculations made for C3 N− and C4 H− indicated that TDM
matrix elements for these ions should not be significantly larger
than in the case of CN− . More extensive calculations for C3 N−
and C4 H− are in progress.
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and the University of Central Florida during part of this
project. V.K. is also grateful to the Réseau thématique de
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to derive the initial electron-molecule wave function for an
incoming low-energy electron scattering out of the rovibrating
CN molecule. On the second step, we derive the probability of
spontaneous emission from the initial state towards the ground
state of CN− .
The rovibronic states of the target radical are expressed as
follows:

φvj
mj =

(A1)

where j , mj , and μ are the angular momentum of CN
and its projections in the LF and the MF correspondingly,
j
χv (R) is the vibrational wave function of CN calculated
using the molecular potential modified by the centrifugal term
[j (j + 1) − μ2 ]/(2μCN R 2 ), where μCN is the reduced mass
of CN and R its internuclear distance. The function ω (rN−1 )
specifies the (N − 1)-electrons wave function of CN [see
j
Eq. (6)] and Dmj μ () is the Wigner function depending on
three Euler angles, which are called collectively by symbol .
For a given direction of propagation of an incoming electron
and an initial state of CN defined by the quantum numbers
{v,j,mj ,}, the initial wave function of the system in the
asymptotic region is given by

vj mj




→ ei kvj .r φvj
mj +

 eikv j r
Avj mj →v j mj 
r
vjm 
j

× (kvj ,r )φv j mj .

(A2)

In the above expression, kvj represents the asymptotic
electronic wave vector in the energetically open channels labeled by the quantum numbers v and j , and
Avj mj →v j mj  (kvj ,r ) denotes the differential amplitude for
scattering from {v,j,mj ,} to {v ,j ,mj , }.
Because the decomposition of the plane wave in spherical
waves is written as


ei kvj .r = 4π

∞ 
l


i l jl (kvj r)Ylml (k̂vj )Ylml (r̂),

(A3)

l=0 ml =−l

where jl (kvj r) is the regular Bessel function, the asymptotic
form of the initial state in Eq. (A2) can be expressed in terms
of Ŝ-matrix elements

vj mj

∞
l
2π i  
→ 
Ylml (k̂vj )i l
r kvj l=0 m =−l
l

×

 
l ml v j mj 



1
φv j mj Yl ml (r̂)
kv j


l π
× δv v δl l δml ml δj j δmj mj δ e−i(kv j r− 2 )
l π 
(A4)
− Sv jmj l ml ;vj mj lml ei(kv j r− 2 ) .

APPENDIX: DERIVATION OF THE FORMULA
FOR REA CROSS SECTION

We now derive the cross section formula in Eq. (1) and
discuss the employed approximations. The starting point is

∗
2j + 1  j
Dmj μ () χvj (R)ω (rN−1 ),
8π 2

We use the rotational symmetry of the system and construct
the following channel functions with total angular momentum
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J = l + j and projection M = ml + mj in the LF
JvjMl =

2j + 1 j
χ (R)ω (rN−1 )
8π 2 v
j
l


 j
∗
JM
×
Dmj μ () Ylml (r̂).
Clm
l j mj

We now naturally introduce body-fixed channel functions
JM
denoted Xvlλ

(A5)

ml =−l mj =−j

In terms of these channel functions, the function in Eq. (A4)
takes the form

vj mj

JM
 Clm
2π i  
l j mj
l

→ 
Ylml (k̂vj )i
Jv M
jl
r kvj J M lm
k
v
j
vjl
l

l π
× δv v δl l δj j δ e−i(kv j r− 2 )
l π 
(A6)
− SvJ j l  ;vj l ei(kv j r− 2 ) .

It is important to note that in the above equation, the initial
state of the target is still specified by the quantum numbers
{v,j ,mj ,}. In order to express the above function in terms of
MF parameters, we transform the channel functions JvjMl as
follows. First we rewrite the spherical harmonic using bodyframe coordinates
Ylml (θ,φ) =

l


 l
∗
Ylλ (θ ,φ ) Dm
() ,
lλ

JM
transform into JvjMl in the
The channel functions Xvlλ
following way

JM
=
JvjMl UjJλM and
Xvlλ
j

JvjMl

j +l


J
DM
()CjJmMj lml CjJμlλ ,

jμ

=
=

From the orthonormality relation

CjJmMj ,lml CjJmMj ,lml = δJ J δM M ,

(A10)

mj ml

this equation simply becomes

 j
∗
JM
Dmj μ () Ylml (θ,φ)
Clm
l j mj
mj ml

=


λ

=


λ

 J
∗
CjJμlλ DM
() Ylλ (θ ,φ )


 J
∗
2J + 1
jμ
() Ylλ (θ ,φ ).
(−1)l+λ Cl−λJ DM
2j + 1
(A11)

λ



J M†

UjJ λM SvJ l λ  ;vlλ Uλj Jv M
jl

λ

UjJλM SvJ l λ ;vlλ XvJ M
lλ .

(A15)

λ

λ

The initial state in terms of MF channels takes the form:
2π i  

Ylml (k̂vj )i l
vj mj → 
r kvj J Mλ lm
l

×


vlλ

jμ

(−1)

l+λ

JM
Clm
Cl−λJ
l j mj

XvJ M
lλ
kv j


l π
× δλ λ δv v δl l δ e−i(kv j r− 2 )
l π 
− SvJ l λ  ;vlλ ei(kv j r− 2 ) .

mj ml

(A9)


j

with = μ + λ, to rewrite the following term in Eq. (A5), at
fixed J and M, as

 j
∗
JM
Dmj μ () Ylml (θ,φ)
Clm
l j mj

mj ml J λ

(A14)

The above transformation is readily applied on the wave function of Eq. (A6), namely, changing from the j representation
to the λ representation:

SvJ j l  ;vj l Jv M
jl

J =|j −l|

 
∗
J
DM
() CjJmMj lml CjJmMj lml CjJμlλ Ylλ (θ ,φ ).
=

(A13)

J M†

JM
Xvlλ
Uλj ,

UjJλM = (−1)l+λ Cl−λJ .

j

(A8)

=

where the elements of the unitarity matrix Û are simply given
by

(A7)

where λ is the projection of the electron angular momentum
on the molecular axis, (θ,φ) and (θ ,φ ) are spherical angles
defined with respect to a fixed laboratory axis and the
molecular axis, respectively. Then we make use of the fact
that


λ

λ=−l

j
l
Dm
()Dm
() =
jμ
lλ

 J
∗
2J + 1 j
χv (R)ω (rN−1 ) DM
() Ylλ (θ ,φ ).
2
8π
(A12)

JM
Xvlλ
=

(A16)

Note that the transformation from Eq. (A6) to Eq. (A16)
is exact only if the channels, which are mixed, are degenerate
in energy. It is needed in order to have kv j ≈ kv j for any
j . The reason is that the asymptotic energy of the system at
r → ∞ is determined by the quantum number j , which is
JM
. The wave
well defined for channels JvjMl but not for Xvlλ
vectors are approximately equal to each other for large electron
energies Eel  Bv , where Bv is the rotational constant of the
target or if they are evaluated at a finite distance r such that
Eel − V (r)  Bv , where V (r) is the potential of interaction
of the electron with the target at large values of r. For CN,
V (r) behaves as de /r 2 with de ∼ 1 and Bv ∼ 10−5 in atomic
units. In the discussion below, we assume that the collision
energy is high enough to satisfy the condition Eel  Bv , which
is the case for most of the astrophysical environments. For
smaller energies, the present approach can be improved by
using the multichannel quantum defect approach in which an
intermediate, so-called smooth, scattering matrix is obtained
at a distance r where Eel − V (r)  Bv and then it is used to
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calculate the actual physically meaningful scattering matrix
using the channel elimination procedure.
We finally apply the vibrational-frame transformation on
Eq. (A16), changing from the v representation to the R
representation

j
SvJ l λ ;vlλ χv (R)
v

=



j

j

χv (R)χv (R )Slλ;lλ (R )χvj (R )dR

v

= Slλ;lλ (R)χv (R),

(A17)

where
we
have
applied
the
closure
relation
j
j
χ
(R
)χ
(R)
=
δ(R
−
R)
and
introduce
the
smooth
v v
v

R-dependent scattering matrix Sl λ ;lλ (R) calculated through
the complex-Kohn method. The initial state now becomes

vj mj

jμ
JM
Clm
Cl−λJ
2π i  
l j mj

→ 
Ylml (k̂vj )i l (−1)l+λ
r kvj J Mλ lm
kvj
l


JM
−i(kvj r− l 2π )
×
Xvl
λ  δl l δλ λ δ  e
lλ
l π
− Slλ;lλ (R)ei(kvj r− 2 )

lλ (r,R).

(A19)

The approximations, which were employed in the above development, were needed in order for the MF electronic function
to appear explicitly in the scattering state, which allows the
further transformation from the MF transition-dipole moments
to the LF transition-dipole moments. Therefore, the rovibronic
interactions are taken into account in our treatment, but we
neglect the difference in energy between different rotational
states of CN, such that rotational excitation of the target neutral
molecule is not included in our approach, ultimately resulting
in the absence of threshold structures in our REA cross section.
The initial continuum state can spontaneously decay to final
states of CN− , which has the form
=

2Jf + 1  Jf
DMf
8π 2

f

∗ J
() χvff (R)

p

where the sum is taken over the three spherical components
 The relationship
p = −1,0,+1 of the dipole moment vector d.
between components of d in LF (dp components) and MF (dπ
components) is
 
∗
1
dp =
dπ Dpπ
() .
(A22)
π

Therefore,
f |dp |i
1  JM jμ 
Cl0j mj Cl−λJ
4π (2l + 1)i l
=
kvj J lλ


 1
∗
J
×
(−1)l+λ χvff (R) f |Jf Mf f |d̂π Dpπ
()
× |J M  |

(A18)

J
∗
the notation |J M  = 2J8π+1
for the rotational
2 [DM ()]
−
state of the CN + e system and simplify the expression by
considering the z̃ axis of the LF as the direction of the incoming
wave vector kvj√. Using this convention, we have ml = 0 and
since Yl0 (z̃) = (2l + 1)/4π , the initial state becomes
1 
jμ

JM
4π (2l + 1)i l (−1)l+λ Cl0j
vj mj = 
mj Cl−λJ |J M 
kvj J lλ

Jf Mf
vf f

J M

the final state vff ff . We now calculate the transition-dipole
moments in the LF

 2=
|f |d|i|
|f |dp |i|2 ,
(A21)

π


.

The asymptotic behavior of Eq. (A18) can now be used to
express the entire electronic function with the help of Eq. (10)
and the Born-Oppenheimer
approximation. We introduce


× χvj (R)

f = 0. In order to simplify the following development, we

use the notation |i for the initial state vj
mj and |f  for

f (rN ),

(A20)

where Jf , Mf , and f are the angular momentum of CN− and
J
its projections in the LF and in MF correspondingly, χvff (R)
is the vibrational wave function of CN− calculated using the
molecular potential modified by the centrifugal term [Jf (Jf +
1) − 2f ]/(2μCN R 2 ). The state f specifies the electronic
state of CN− . In the present study, it is always X1  + , i.e.,

j
lλ r χv (R)dR.

(A23)

In the above formula, the subscripts r and  symbolize the
variables of integration, but the integral over R is written
explicitly. The integral over  in Eq. (A23) is evaluated using
Eq. (5) of Sec 4.11 from Ref. [19]

 1
∗
2J + 1 Jf Mf Jf f
Jf Mf f | Dpπ () |J M  =
C
.
C
2Jf + 1 J M1p J 1π
(A24)
To simplify notations and evaluation of integrals, we rewrite
Eq. (A23) in a different form

2J + 1 Jf Mf (v→vf )
1  JM
f |dp |i = 
C
Cl0j mj
A
,
2Jf + 1 J M1p J lμ
kvj J l
(A25)
where we introduced the factors
 Jf f j μ 
(v→v )
AJ lμ f =
CJ 1π Cl−λJ
4π (2l + 1)i l (−1)l+λ
λπ


J
× χvff (R) f |dπ | lλ r χvj (R)dR
 Jf f j μ 
(v→v )
=
4π (2l + 1)i l (−1)l+λ dπ,lλf ,
CJ 1π Cl−λJ
λπ

(A26)
(v→v )
AJ lμ f

does not depend on projections in LF. The
such that
matrix element of the transition-dipole moment is

(v→v )
J
dπ,lλf = χvff (R) f |dπ | lλ r χvj (R)dR.
(A27)
As a next step, we evaluate the sum over p in Eq. (A21)
and take another sum over possible final projections Mf .
Because of the dipole moment components of Eq. (A25) enter
Eq. (A21) as absolute values squared, the sum over l and J are
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doubled,



J M
J Mf
JM
J M
 2= 1
|f |d|i|
CJ fM1pf CJ fM1p
Cl0j
mj Cl 0mj
k
vj J J M p
Mf
ll
f

(2J + 1)(2J + 1)  (v→vf ) ∗ (v→vf )
AJ l μ
×
AJ lμ .
(2Jf + 1)2
(A28)
The orthogonality of Clebsch-Gordan coefficients (Eq. (5) of
Sec. 8.7.2 from Ref. [19]) allows us to evaluate sums over
p,Mf , and J in the above equation,


 2=
|f |d|i|

Mf

1   J M J M  (v→vf ) ∗ (v→vf )
C
C
AJ lμ .
A
kvj J ll l0j mj l 0j mj J l μ
(A29)

On the next step, we average over initial orientation of the
molecule in LF, i.e., over mj , which is the same as M:

1
 2
|f |d|i|
2j + 1 MM
f

1  1  J M J M  (v→vf ) ∗ (v→vf )
A
=
C
C
AJ lμ .
kvj J 2j + 1 Mll l0j mj l 0j mj J l μ

The coefficient in front of the formula above is different from
other studies of radiative association and attachment (see, for
example, Ref. [32]). The reason is that we use a particular
normalization of the incident wave given by Eq. (8), which
is not the same as in other studies on radiative association or
attachment.
The spin-orbit interaction was neglected in the above
treatment. Treating spin degrees of freedom statistically, we
have to include the degeneracy factors gf and gi , which are
the number of final and initial states, respectively.

2

16 gf π ω3 me    Jf f J
(v→vf ) 
σf i =
C
C
d
(A35)

J 1π lλj μ π,lλ  .
2 2 3


3 gi kvj
h̄ c
Jl

For REA of CN, the number of initial spin states is four and
there is only one final state, because the final CN− is a singlet
state, thus gf /gi = 1/4.
In order to calculate the REA cross section into all possible
rotational states of CN− , one should take a sum over Jf .
For  + symmetry for initial and final states, it is possible to
simplify the sum. For CN-CN− μ = f = 0 and, therefore,
λ = −π , and = λ in Eq. (A35). The cross section (A35)
summed over Jf can then be written as

σi =
σf i
Jf

(A30)
Using again Eq. (5) of Sec. 8.7.2 from Ref. [19], we can
evaluate the sum over M and eliminate the sun over l

1
 2
|f |d|i|
2j + 1 MM
f

 (v→vf ) 2
2J + 1
1 

A
=
kvj J l (2j + 1)(2l + 1) J lμ
2


4π  2J + 1  
(v→vf ) 
l+λ Jf f j μ
=
(−1) CJ 1π Cl−λJ dπ,lλ  .


kvj
2j + 1 
λπ

Jl

(A31)
The probability Pi→f of spontaneous emission is given by
4 ω3
 2,
|f |d|i|
(A32)
3 h̄c3
and the cross section is obtained dividing the probability Pi→f
with the density of current in the incident wave, which is equal
to the velocity v = h̄kvj /me in the incident wave of Eq. (A2).
Therefore, the cross section for the radiative attachment to a
given angular momentum Jf is
Pi→f =

σf i

16 π ω3 me  2J + 1
=
2 2 3
3 kvj
h̄ c J l 2j + 1

2


(v→vf ) 

l+λ Jf f j μ
×
(−1) CJ 1π Cl−λJ dπ,lλ  , (A33)


λπ

or in an equivalent form
σf i


16 π ω3 me    Jf
=
C

2 2 3
3 kvj
h̄ c J l  λπ J

2


(v→vf ) 
J
1π Clλj μ dπ,lλ 
f



.

(A34)

λπ

=

4 π ω3 me   Jf 0
J 0
Jλ
Jλ
CJ λ1−λ CJ fλ 1−λ Clλj
0 Clλ j 0
2 2 3
3 kvj
h̄ c J J l λλ
f

(v→v ) (v→vf )∗
× d−λ,lλf d−λ ,lλ
.

Because



J 0

J 0

CJ fλ1−λ CJ fλ 1−λ = δλλ ,

(A36)

(A37)

Jf

the cross section can be written as
4 π ω3 me  J λ J λ  (v→vf ) 2
σi =
Clλj 0 Clλj 0 d−λ,lλ .
2 2 3
3 kvj
h̄ c J lλ

(A38)

Using the orthonormality of Clebsch-Gordan coefficients one
more time

Jλ
Jλ
Clλj
(A39)
0 Clλj 0 = 1,
J

we obtain
σi =
=

4 π ω3 me   (v→vf ) 2
d
2 2 3
3 kvj
h̄ c lλ −λ,lλ
4 π ω3 me   (v→vf ) 2
d
.
2 2 3
3 kvj
h̄ c lπ π,l−π

(A40)

In our theoretical treatment of REA in CN we use the
above formula. It is important to stress that when this formula
is used for low energies such that some of the included
rotational or vibrational channels of the CN + e− system are
asymptotically closed, it is assumed that closed channels do
not have resonances at the energy of interest. This condition
is satisfied: the electronically bound states associated with
an excited (closed) channel are about 3.8 eV below the
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channel energy, i.e., they are situated deeply in the discrete
spectrum. This statement can be formulated more rigorously
in terms of quantum defect theory: When some channels are
closed at a given energy, one should apply the closed-channel
elimination procedure (see Eqs. (2.50) and (2.58) of Ref. [33]).

The channel elimination will significantly modify the dipole
moment components in open channels only if the coupling
between channels is strong or there is a resonance in a closed
channel at a given energy. None of these conditions is satisfied
for the case for REA in CN at collision energies below 1 eV.
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